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Abstract

Principal component analysis (PCA) is a favorite tool in environmetrics for data compression and information extraction. PCA finds linear
combinations of the original measurement variables that describe the significant variations in the data. However, it is well-known that PCA,
as with any other multivariate statistical method, is sensitive to outliers, missing data, and poor linear correlation between variables due to
poorly distributed variables. As a result data transformations have a large impact upon PCA. In this regard one of the most powerful approach
to improve PCA appears to be the fuzzification of the matrix data, thus diminishing the influence of the outliers. In this paper we discuss and
apply a robust fuzzy PCA algorithm (FPCA). The efficiency of the new algorithm is illustrated on a data set concerning the water quality of
the Danube River for a period of 11 consecutive years. Considering, for example, a two component model, FPCA accounts for 91.7% of the
total variance and PCA accounts only for 39.8%. Much more, PCA showed only a partial separation of the variables and no separation of
scores (samples) onto the plane described by the first two principal components, whereas a much sharper differentiation of the variables and
scores is observed when FPCA is applied.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction so that the variation in the data can be accounted for as con-
cisely as possible.

Multivariate statistical methods for the analysis of large Principal component analysis as with any other multivari-
quantities of data have been applied to chemical and environ-ate statistical method is sensitive to outliers, missing data,
mental systems during the last decaflest]. One of these  and poor linear correlation between variables due to poorly
methods, principal component analysis (PCA) showed spe-distributed variables. As a result, the classical principal com-
cial promise for furnishing new and unique insights into the ponents may describe the shape of the majority of data in-
interactions in a wide range of pollution and ecotoxicological correctly. It is therefore necessary to apply robust methods
situationg5-11]. that are resistant to possible outligtg]. In this order, during

PCA is designed to transform the original variables into the last decades, two robust approaches have been developed.
new, uncorrelated variables (axes) called the principal com- The first is based on the eigenvectors of a robust covariance
ponents, that are linear combinations of the original variables. matrix such as the MCD-estimat@t3] or S-estimators of
The new axes lie along the directions of maximum variance. location and shapfl4,15], and is limited to relatively low-
PCA provides an objective way of finding indices of thistype dimensional data. The second approach is based on projec-

tion pursuit and can handle high-dimensional 2. A ro-
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veloped[17] and applied to several bio-chemical datasets norm

[18].

However, one of the most promising approaches to “ro-
bustify” PCA has been appearing to be the fuzzification of

the matrix data to diminish the influence of outli§t9—26].

, 1/2
L}) } (2)
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In this paper we discuss and app|y a robust fuzzy PCA The optimal fuzzy setwill be determined by using an iterative

algorithm (FPCA)27]. The efficiency of the new algorithm

method wherd is successively minimized with respect&o

is illustrated on a data set concerning the water quality of the andL.

Danube River for a period of 11 consecutive years.

2. Theoretical considerations

2.1. Classical principal component analysis

Supposing thak is given, the minimum of the function
J(-, L) is obtained for:

d?(x/, LY

d2( TR ®3)

i=1,...,s

Ai(x)) = 1/2

For a given P, the minimum of the functid@P, -) is obtained

o . . for
Principal component analysis is also known as eigenvec-

tor analysis, eigenvector decomposition or Karhunerevieo

expansion. As we have already mentioned above, the main
purpose of PCA is to represent in an economic way the lo-

L= Z[Ai(xj)]zxj/Z[Ai(xj)]za

j=1 j=1

i=1,....k (4

cation of the SampleS in a reduced coordinate SyStem Whel’e'rhe above formula allows one to Compute each otxbem_

instead ofm-axes (corresponding ta characteristics) only

ponents ofL’ (the center of the clustd). Elements with a

p (p < m) can usually be used to describe the data set with hjgh degree of membership in cluste.e., close to cluster

maximum possible information.

i's center) will contribute significantly to this weighted av-

Principal component analysis practically transforms the erage, while elements with a low degree of membership (far

original data matrix (¥xm) into a product of two matrices, one
of which contains the information about the samplag/{tp
and the other about the variables;{¥). TheS matrix con-
tains the scores of theobjects orm principal components

(the scores are the projection of the samples on principal

components). Th¥ matrix is a square matrix and contains

from the center) will contribute almost nothing.

A cluster can have different shapes, depending on the
choice of prototypes. The calculation of the membership val-
ues is dependent on the definition of the distance measure.

According to the choice of prototypes and the definition
of the distance measure, different fuzzy clustering algorithms

the loadings of the original variables on the principal compo- are obtained. Ifthe prototype of a cluster is a point—the cluster

nents (the loadings are the weights of the original variables center —

in each principal component).

2.2. Fuzzy principal component analysis

Fuzzy clustering is an important tool to identify the struc-
ture in data[19-29]. In general, a fuzzy clustering algo-
rithm with objective function can be formulated as follows:
let X = {x%, x"} C RP be afinite set of feature vectors,
wheren is the number of objects (measurements) prisd

the number of the original varlableeg [xl, X5, .. ., x)]
andL = (L1, L ., L) be a s-tuple of prototypes (supports)
each of which characterizes one of thelusters composing
the cluster substructure of the data set; a partitiod iofio s
fuzzy clusters will be performed by minimizing the objective
function

=33 (A a?(. L)

i=1 j=1

J(P, L) (1)

whereP = {Ay, ..., As} is the fuzzy partition A (x/) € [0,
1] represents the membership degree of feature pditd
clusterA;, d(¥/, LY) is the distance from a feature poidtto
the prototype of clusted;, defined by the Euclidean distance

it will give spherical clusters, if the prototype is a
line it will give tubular clusters, and so on. In view of the
linear form of the consequence part in linear fuzzy models,
an obvious choice of fuzzy clustering was the Generalized
fuzzy n-means algorithni21-29], in which linear or planar
clusters are allowed as prototypes to be sought.

The fuzzy set in this case may be characterized by a linear
prototype, denotet(u, v), wherev is the center of the class
andu, with ||z|| = 1, is the main direction. This line is named
the first principal component for the set, and its direction is
given by the unit eigenvectar associated with the largest
eigenvalue.nax of, for example, the covariance matrix given
in relation (5), which is a slight generalization for fuzzy sets
of the classical covariance matrix:

5 At — %) (et — )

]:
Cuy =

. (5)
> [Ai(x)]?
j=1

The algorithm applied in this paper permits the determina-
tion of theA(¥') values that best describe the fuzzy Aeind
the relation with its linear prototype (the first principal com-
ponent). This algorithm is a natural extension of the fuzzy
1-lines algorithm28-29].
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To obtain the criterion function, we have to determine a 4. Find the eigenvaluk; and the corresponding eigenvector

fuzzy partition{ A, A}; the setA is characterized by its linear e.
prototype. 3 5. Determine the new fuzzy sat*! using Eq.(8).
Inrelation to the complementary fuzzy sétwe will con- 6. If the fuzzy sets K*D and A") are close enough, i.e., if
sider that the dissimilarity between its hypothetical prototype ~ |JA(TD — AO|| < ¢
and the poink/ is constant and equal td(1 — ), wherea wheree has a predefined value (i.e.1%), then stop, else
is a real constant from the interval (0, 1). As a consequence increasd by 1 and go to the step 3; else, continue with
the criterion function becomes step 7.
. ; 2 7. Using the fuzzy membership degrees determined above,
DN 2 520 Ty % recompute the covariance matxas in (5), and deter-
J(A Lie) = gl[A(x W, L)+ ;[A(x ) R mine its eigenvalues and eigenvectors as usually; these
! ! (6) are the fuzzy principal components and the correspond-

ing scatter values.
The prototypel_(u, v) that minimizes the functiod(A, -, «)

is given by
; i 3. Results and discussion
_ INGY, ING
' ;[A(x I /Z:;[A(x ) 0 The data collection was performed at Galati site, Roma-
! ! nia, according to standardized methods for sampling, sample
where preparation and analysis of Danube River water for a period
‘ «/(1— q) of 11 consecutive yeaf80]. Galati site is selected as repre-
A(x)) = (8) sentative for the Danube estuary region.

_ 2(xJ. L) . .
o/ — )] +d%(x/, L) Nineteen different water parameters were checked

It follows from here thatr represents the membership de- monthly (pH, chemical oxygen demand-COD, equiva-
gree of the farthest point (the largest outlier) from the first lent oxygen, calcium, magnesium, calcium/magnesium ra-
principal component. Since this is an input parameter, we tio, chloride, sulphate, hydrogen carbonate, nitrite, nitrate,
need a heuristics for determining the best suitable value of Phosphate, ammonia, ammonium, alkalinity, hardness, dry
«. As opposed to the general case, we now do have such desidue, suspension).
mechanism. Of course, we are interested to find fuzzy mem- The standardized methods for water quality analysis
bership degrees that contribute to producing a better fittedWere used: potentiometry with glass electrode (pH, alka-
first principal component along the data set. But, since the linity), titrimetry (COD, EQ,, C&*, CI~, HCO3™, hard-
eigenvalue associated to a principal component describes thé1ess), atomic absorption spectrometry @¥gturbidimetry
scatter of data along that component, we are also interestedSQ4%"), colorimetry (NQ~, PQ;®~, NHs, NHs*, F&h),
in producing a first principal component characterized by an UV-spectroscopy (N@"), filtration and drying (dry residue,
eigenvalue that is as large as possible. As a consequenceSuspension).

we will prefer that particu|ar value af that maximizes the The results obtained from the initial dataset (130 Samples

eigenvalue associated to the first principal component. x 19 characteristics) are presented in two tablesle 1
Because of the fact that we are interested in real-world Shows the data statistics. These results are very informative

applications of this algorithm, an exact valueaois not re- and confirm that the chemical and physical features concern-

quired. Instead, we will simply work through a loop between ing the water quality of the Danube River are related to each
0 and 1, with a step to be chosen by the user, and select theéther and so could be reducédable 2is the table of compo-

value ofw that maximizes our criterion. nents. It lists the eigenvalues of the correlation matrix con-
The stepsin a fuzzy principal component analysis can now Sidering only the first five principal components for PCA and
be stated: FPCA, ordered from largest to smallest. This table also shows

the proportion for each component.
1. Determine the best value af For this, loop witha be-

tween 0 and 1. For each iterative valuexahinimize the 3.1. Classical PCA
objective function (6), and, with the optimal membership

degreesA(¥'), compute the largest eigenvalue of the ma-  |n the case of classical PCA considering all the original

trix C given by (5). Selectthe optimal valuewéccording  data the first component explains only 24.1% of the total vari-

to the maximal eigenvalue. ance and the second one 15.7%; a two component model, for
2. Coding the variableXy, Xy, ..., Xp to have zero means  example, thus accounts only for 39.8% of the total variance,

and unit variances. This is usual, but is omitted in some Tgple 2.

cases. Fig. 1shows the plot of loadings and scores correspond-

3. Calculate the covariance matix as given by relation  ng to the first two principal components of the original water
(5). This is a correlation matrix if step 2 has been done.  samples. Sample 57 appears to be a very strong outlier in the



1218

Table 1

Descriptive statistics of chemical and physical features concerning the water quality of the Danube River for a period of 11 consecutive years (all concentration:

C. Sarbu, H.F. Pop / Talanta 65 (2005) 1215-1220

units are mg/L, dry residue and suspension in mg)

Variable Mean Median Minimum Maximum Range S.D.
PH 7.67 7.68 6.84 8.40 1.56 0.297
COD 33.37 30.54 15.76 66.21 50.45 9.41
EO, 8.35 7.78 3.94 16.55 12.61 2.35
ca* 57.55 56.00 16.03 104.00 87.97 12.67
Mg?* 26.81 24.00 7.20 81.60 74.40 13.01
cat/Mg?* 2.66 2.33 0.410 8.88 8.47 1.49
Fe** 0.269 0.250 0.001 0.925 0.924 0.177
Cl~ 57.96 54.93 25.90 138.81 112.91 19.66
SO 93.86 80.00 25.00 400.00 375.00 61.66
HCO3~ 215.21 206.73 87.13 426.40 339.27 56.29
NOz™ 0.147 0.132 0.003 0.660 0.657 0.117
NO3~ 3.62 3.19 0.420 16.96 16.54 2.43
PO~ 0.479 0.337 0.001 1.63 1.63 0.393
NH3 0.022 0.011 0.01 0.200 0.200 0.028
NH4* 0.619 0.388 0.01 3.39 3.39 0.678
Alkalinity 3.53 3.39 1.42 7.60 6.18 0.938
Hardness 13.89 13.18 8.96 25.80 16.84 3.23
Dry residue 389.45 3725 152.50 670.00 517.50 90.72
Suspension 51.32 45.00 2.50 180.00 177.50 26.73
Table 2
Eigenvalues and proportion considering only the first five principal components for PCA and FPCA (initial data and without outlier)
Component PCA FPCA

Raw data (130« 19) Without outlier (129x 19) Raw data (13 19) Without outlier (129x 19)

Eig? Prop’ Eig? Prop’ Eig? Prop’ Eig? Prop’
1 4.59 24.1 3.46 18.2 0.23 89.5 D.76 91.7
2 2.98 15.7 2.50 13.1 @5 2.2 019 1.6
3 1.85 9.8 1.96 10.3 20 1.7 016 1.4
4 1.72 9.0 1.65 8.7 015 1.3 012 1.0
5 1.30 6.9 1.52 8.0 012 1.0 010 0.8

@ Eigenvalue.

b Proportion (%).

plot of scores as it is very distant from the other water sam- Fig. 2shows the results of the first two principal components

ples. As a general rule, outliers should be deleted because ofmapping experiment with sample 57 removed from the data.
the least-squares property of principal components. In otherAgain, graphing scores onto the plane described by PC1 and
words, a sample that is distant from the other points in the PC2 illustrates a random scatter of samples without well de-
measurement space can pull the principal components to-limited classes and the scatterplot of loadings is more or less
wards it and away from the direction of maximum variance. similar to the original representation.
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Fig. 1. Scatterplot of loadings and scores corresponding to the first two principal components (PCA, original data).
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Fig. 2. Scatterplot of loadings and scores corresponding to the first two principal components (PCA, without outlier).
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Fig. 3. Scatterplot of loadings and scores corresponding to the first two principal components (FPCA, initial data).

3.2. Fuzzy PCA The first FPCA eigenvector illustrates that the great-
est “negative” contribution to the first component is real-
From the beginning we have to remark that the results ob- ized by the HCQ™ (—0.387), alkalinity (—0.343), hardness
tained by applying FPCA are quite different from the PCA (—0.331), dry residue (—0.322) and €4—0.321); relative
results. We can see that, for example, the first principal com- high positive contribution can be mentioned foFF¢0.329),
ponent explains 89.5% of the total variance and the secondCOD (0.289), P@*~ (0.280). The positive correlation be-
one 2.2%: a two component model thus accounts for 91.7%tween the last three quality parameters and also their negative
of the total variance (as compared to 39.8% for PCA) and a correlation with, for example, HC£, alkalinity, might be
three components model accounts for 93.4% (as compared teexplained considering B&/Fe** equilibrium, the simultane-
49.6% for PCA), for the fuzzy PCA metho@iable 2. Hence,  ous titration of Fé&* with permanganate and, probably, the
the FPCA-derived components account for significantly more Fe¥*/POy3~ complex equilibrium. A less significant contri-

of the variance than their classical PCA counterparts. bution is obtained from pH (0.005) and Kfig(—0.005). With
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Fig. 4. Scatterplot of loadings and scores corresponding to the first two principal components (FPCA, without outlier).
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respect to the second FPCA component the highest contribu-pal component analysis it should be possible to explain some

tion was realized by Nki+ (—0.796), Ct (—0.360), PQ3~ of the discrepancies, found in the literature, relating to multi-

(—0.220). variate analysis of data in terms of efficiency, goodness-of-fit,
Considering these results, it clearly appears that the first predictive power and robustness.

component might be considered as “the factor of alkalinity-

hardness” and the second “the factor of ammonium salts”.
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